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The paper contains a new proof of the fact that the Hahn-Banach majorized extension theorem for linear operators is valid iff the range ordered space is conditionally complete. The proof is based on quite different principles than the original proof of Bonnice, Silverman and To. The key element is a reformulation of the extension problem in terms of linear selections of special convex-valued mappings called fans.
Let y be a real linear space ordered by a cone K (which may be a wedge). Consider the following two properties:
Hahn-Banach extension property (HBEP). For any linear space X, any linear subspace L c X, any sublinear mapping P: X -» Y and any linear operator B: L-> Y such that Bx < P(x) for all x E L, there is a linear operator A: X -» Y such that Ax < P(x), V x E X, and Ax = Bx, V x G L;
Least upper bound property (LUBP). Any set Q c Y bounded from above has a least upper bound; in other words, there is an element sup Q E Y (not necessarily unique) such that y < sup Q for any y G Q and y < z for all y G Q implies sup Q < z. This theorem has a long history which probably started (as far as more than one dimensional Y is concerned) with Kantorovic's paper [6] where the implication LUBP =» HBEP was proved for X being a normed space and P an abstract norm in X. We refer to [3] for a proof of the implication in a general situation. Silverman and Yen [9] (see also [3] ) proved that HBEP implies LUBP if A" is linearly closed (intersection of K with any line is closed in the natural topology of the line). Finally, Bonnice and Silverman [1] , [2] and To [10] proved that HBEP itself implies linear closedness of the positive cone and hence LUBP.
We offer here a new proof based on the utilization of a new class of objects called fans (which are homogeneous subadditive convex-valued mappings). Occasionally, they did appear earlier (see for instance [7] just in connection with the Hahn-Banach theorem, also Rockafellar considered similar objects in connection with monotone processes which, contrary to fans, are superadditive-the results however remained unpublished) but now it becomes clear that for certain purposes, say, in nonsmooth or convex analysis they are as natural as linear operators [4] , [5] .
Theorem A will be obtained here as an easy corollary of another (and perhaps more general) Theorem B. Compared to the proof given by Bonnice, Silverman and To, the proof of Theorem B seems to be simpler and more natural because it is purely algebraic (as well as is the statement), not connected with any ordered structure and not incorporating any geometrical argumentation. (
A Definition 3. Let ß be a family of subsets of Z. We shall say that ß has the binary intersection property if any collection of elements of ß has nonempty intersection, provided each two of them meet each other. Theorem B. Let Z be a linear space, and let ß be a family of convex subsets of Z which is closed under translations, summation and multiplication by scalars. Then the following two statements are equivalent :
(a) ß has the binary intersection property; (b) any ß -valued odd fan has the linear extension property.
Remark. Implication (a) => (b) was actually proved in [7] . For this implication to be valid, it is sufficient to assume that ß is only translation invariant. Proof. This is obvious from Lemma 2. Theorem A follows immediately from Theorem B and these lemmas. (Observe that in view of Lemma 1, the collection of bounded order intervals in F is closed under summation, provided either LUBP or HBEP is valid. It is obvious that this collection of convex sets is always closed under translations and multiplication by scalars.)
Now we proceed with the proof of Theorem B.
Lemma 5. Let 6B be an odd fan from X into Z, and let B be a linear selection of & defined on a subspace L c X of codimension one. 
